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Abstract
Structuring a viable pension plan is a problem that arises in the study of financial
contracts pricing and bears special importance these days. Deterministic pension
models often rely on projections that are based on several assumptions concerning
the ”average” long-time behavior of the stock market. Our aim here is to examine
some of the popular ”average” assumptions in a more realistic setting of a stochastic
model. Thus, we examine the contention that investment in the stock market is
similar to gambling in a casino, while purchasing companies, after due diligence,
is safer under the premise that acting as a holding company that wholly owns
other companies avoids some of the stock market risks. We show that the stock
market index faithfully reflects its companies’ profits at the time of their publication.
We compare the shifted historical dynamics of the S&P500’s aggregated financial
earnings to its value, and find a high degree of correlation. We conclude that there
is no benefit to a pension fund in wholly owning a super trust. We verify, by
examining historical data, that stock earnings follow an exponential (geometric)
Brownian motion and estimate its parameters. The robustness of this model is
examined by an estimate of a pensioner’s accumulated assets over a saving period.
We also estimate the survival probability and mean survival time of the accumulated
individual fund with pension consumption over the residual life of the pensioner.
PACS numbers: 87.10, 89.65.-s,, 89.65G
MOS numbers: 91Bxx, 91B60, 91B62, 91B70, 91B28
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1 Introduction
This paper is based on the dissertation [1], which contains many additional details of
numerical, analytical, and statistical computations of the models discussed below.
∗email: pazgrimberg@gmail.com, schuss@post.tau.ac.il
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1.1 What is a pension plan?
A pension plan is a method for a prospective retiree to transfer part of his or her current
income stream toward a retirement income. Pension plans are usually classified into two
categories,
1. A defined-benefit plan - the pension fund (e.g., employer) guarantees the pensioner
a fixed, predefined, benefits upon retirement, regardless of the investment’s perfor-
mance.
2. A defined-contribution plan - the pension fund makes predefined contributions, usu-
ally tax exempt, toward a pool of funds, set aside for the pension fund’s future ben-
efit. The pool of funds is then invested on the retiree’s behalf allowing her/him to
receive benefits upon retirement. The final benefit received by the retiree depends
on the investment’s performance.
The benefits are paid, usually in a lump sum, upon the pensioner’s retirement. However,
in some countries, such as the UK, members are legally required to purchase an annuity,
which then provides a regular income.
Pensions have a long history in Western civilization. The notion of pension dates
back to the Roman Empire [2], where rulers and parliaments provided pensions for their
workers, who helped perpetuate their regimes. More than two thousand years ago, the
fall of the Roman republic and the rise of the empire were inextricably linked to the
payment, or rather the nonpayment, of military pensions. The first private pension was
established in 1875 by the American Express Company in the United States [3]. Prior
to 1870, private-sector plans did not exist, primarily because most companies were small,
family-run enterprises.
1.2 Public and private pension funds
A public pension fund is one that is regulated under public-sector law, while a private
pension fund is regulated under private-sector law. In certain countries the distinction
between public or government pension funds and private pension funds may be difficult
to assess. In others, the distinction is made sharply in the law, with very specific re-
quirements for administration and investment. For example, local governmental bodies in
the United States are subject to laws passed by the states, in which those localities exist
and these laws include provisions, such as defining classes of permitted investments and
a minimum municipal obligation [4].
1.3 The pension crisis
The obligation of a fixed, predefined amount of benefits upon retirement exposes the
insurer to a great risk. The calculation of the the benefits amount is based on financial
assumptions that are hard to measure or predict. These assumptions include the lifespan
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of employees, returns earned by pension investments, future taxes, and rare events, such
as natural disasters.
On the other hand, defined-contribution plans transfer the risk to the insured, who is
dependent on the pension fund performance upon his/her retirement date. An individual
that has retired in 2009 received significantly less than he/she would have in 2011. The
following data paint a grim picture of UK and US pension plans.
In the US, there was a $1 trillion gap at the end of the fiscal year 2008 between the
$2.35 trillion that American states had to set aside to pay for their employees’ retire-
ment benefits and the $3.35 trillion price tag of those promises [5]. The present value
of unfunded obligations under Social Security as of August 2010 was approximately $5.4
trillion [6]. Moreover,American state and local pension plans exhibit a structural shortfall
that will likely pose a long-enduring problem, according to the US Congressional Budge
Office [7]. In the UK, many employees face retirement with an income well short of their
expectations. Employees who pay into a defined-contribution plan for 40 years, may get
only half of the retirement income they could have expected [8]. According to the In-
ternational Monetary Fund [9], Western economies would have to set aside an additional
50% of their 2010 GDP to support the retirees. Several reforms have been suggested to
amend the pension crisis.
1.4 Reforms
Reform proposals can be classified into three.
1. To meet pre-existing defined benefit obligations, the retirement age should be raised.
2. To mitigate risk and reduce obligations, there should be a shift from defined-benefit
to defined-contribution pension plans.
3. To improve accumulated wealth, there should be an increase in resource allocation
to fund pensions by increasing contribution rates and taxes.
The first reform does not exhibit any structural solution, but rather tries to put out a
fire. The second reform still contains the risks of defined-contribution plans, and the third
reform involves raising taxes, which potentially reduces the reward of work and therefore
of the incentive to work.
Setting up Super Trusts is based on the belief that its investment policies achieve
low-volatility, low-risk, and steady growth. These policies include 100% stake purchases
in companies that produce basic products or commodities, with an underlying economic
substance and a high, stable demand. The Super Trusts refrain from investments that
carry no fundamental value. Investments that are considered risky by the Super Trusts are
stocks, bonds, currencies, arbitrage-trading, futures, options, and all forms of derivatives.
The motivation for this approach is based on a long list of historical financial crises. To
name but a few:
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1. Black Monday (1987) - Dow Jones Industrial Average dropped 22.61% in one day
[11].
2. Saving and Loans (1980’s, 1990’s) - Nearly 25% of all Saving and Loans associations
in the United States, worth $402 billion, failed [12]. The estimated crisis cost in
1996 alone, was $160 billion in 1996, with a total cost of $370 billion, 92% taken
from tax payers.
3. Russian Financial Crisis (1998) - Several factors, such as artificially high fixed ex-
change rate and chronic fiscal deficit led the Russian government to devalue the
Ruble, default on domestic debt, and decalre a moratorium on payment to foreign
creditors [13]. As a result, inflation reached 84% that year. Banks closed down.
Millions of people lost their life savings. As a direct consequence, US Hedge funds
collapsed, including Long Term Capital Management (LTCM), which received a
$3.6B bailout [14], under the supervision of the Federal Reserve.
4. The Dot-com bubble (2000) - The NASDAQ Composite lost 78% of its value. $5
trillion loss in the market value of companies.
5. The Subprime Mortgage Crisis (2008) - Americans lost more than a quarter of their
net worth. Housing prices dropped, GDP began contracting, unemployment rate
rose from 5% to 10%. S&P500 fell 57% from its October 2007 peak. US total
national debt rose form 66% GDP pre-crisis to over 103% post-crisis [15].
In addition, the rise of algorithmic trading, systematic trading, high frequency trading,
and hedge funds gave birth to new type of stock market crashes - computer code crashes.
For example, the 2010 Flash Crash [16] , and the Knight Capital Group crash [17] in
2012, are results of crashing of computers running complex algorithms. These crises led
the Super Trusts to seek growth in the net income instead of stock market returns.
1.4.1 The S&P500 index as a model of the pensioners’ assets
For the purpose of pension-fund modeling we adopt the S&P500 index methodology [18]
as a representative strategy of a pension fund investment policy. Specifically, the S&P500
eligibility criteria are
1. Market value of more than $4.6B.
2. Annual dollar value traded is greater than its market value in the 6-months period
prior to inclusion.
3. At least 250,000 of its shares are traded each month in the 6-months period prior
to inclusion.
4. It is a US company.
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5. At least 50% of the company’s shares are offered to the public
6. At least 4 consecutive quarters of positive earnings prior to inclusion.
7. Hasn’t been initially offered to the public (IPO) for the past 6-12 months.
A company is excluded from the fund if one of the following holds.
1. It is involved in a merger or acquisition (M&A) that causes at least 1 violation of
the above eligibility criteria.
2. The company is violating at least 1 of the above eligibility criteria on an ongoing
basis.
This investment methodology is aligned with purpose of the pension fund, because
companies that meet the above requirements are profitable by definition: they exhibit 4
consecutive quarters of positive earnings and moreover, do not exhibit negative earnings
on an ongoing basis. Furthermore, these companies are highly liquid and are worth more
than $4.6B. In addition, the historical fact that 97% of removals from S&P500 are due to
M&As and that the average time a company stays in the index is 16.7 years, strengthens
the notion that these companies are generally profitable and stable. Consequently, these
characteristics qualify them as companies with substantial economic substance, suitable
for investments by a pension fund.
1.4.2 The investment performance
The pension funds are the beneficiaries of the companies’ net profit and it is up to the
management’s discretion to determine the amount of the net profit retained by its un-
derlying companies and the amount accumulated into the pension fund. In order to be
able to gauge fund’s performance, we assume that none of the portfolio’s net profits is
retained by the underlying companies and that the fund accumulates the entire portfolio’s
net earnings. Therefore, the growth of the fund net income, at time t, relative to initial
time t0, is given by
R(t) =
500∑
i=1
NIi(t)
500∑
i=1
NIi(ti0)
,
where NIi(t) is the net income of the i-th company in S&P500 at time t and ti0 is the
time it was first included in the index.
1.4.3 A refinement of the investment strategy
Fama’s Efficient-Market Hypothesis (EMH) was introduced in [19]. The hypothesis states
that it is impossible to ”beat the market,” because stock market efficiency causes exist-
ing share prices to always incorporate and reflect all relevant information. According to
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Index ρ coefficient
S&P50 0.89
S&P500 0.92
Table 1: Correlations between the shifted CPI-adjusted earnings performance and CPI-adjusted
price performance of market-representative US indices.
the EMH, stocks always trade at their fair value on stock exchanges, making it impossi-
ble for investors to either purchase undervalued stocks or sell stocks for inflated prices.
Therefore, it is reasonable to assume that the collective price of a market as a whole, as
represented by S&P, for example, should incorporate and reflect all information about
its constituents, including their earnings performance at the time of their publication.
We assert this argument by comparing historical returns of two S&P indices against their
shifted approximated by adding 3 months to the quarter of which the financial statements
refer to. For example, if a company reported net income for the 2nd quarter, we assign
September 30th as the publication date. The period of 3 months shift was chosen, be-
cause US companies are required by law to publish their quarterly financial reports by
the end of the subsequent quarter. We obtain financial statements and price data from
the CRSP/COMPUSTAT merged database [20] and plot the historical monthly perfor-
mance of their shifted CPI-adjusted net income growth, R(t), from 1970 through 2011.
We also plot a 0.6% window moving average to highlight their trend. To emphasize the
high correlation of their dynamics, we plot CPI-adjusted returns performance against the
shifted trend of the net earnings curve. The chosen indices representing the market are
S&P50 and S&P500 (see figures 1, 2).
In addition, we calculate the Pearson correlation coefficient between the shifted earning
(raw, not smoothed) and the return performance. The Pearson coefficient is given by
ρ (X, Y ) =
Cov(X, Y )
σXσY
=
E [(X − µX) (Y − µY )]
σXσY
.
The results seem to belie the widely held belief that investment in the stock market
is similar to gambling in a casino, while purchasing companies is safe. We conclude
that the stock market index faithfully reflects the companies’ profits at the time of their
publication, thus strengthening the Efficient Market Hypothesis. Moreover, based on
analysis of historical data, stock prices perform better, while being just as safe.
In view of the above, we refine the suggested investment strategy to purchase the
shares of S&P500 companies instead of a 100% stake in them. Our model of a defined-
contribution plan includes an augmented initial influx, invested in the S&P500 stock
market index.
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Figure 1: (Left) S&P500 CPI-adjusted net income growth, R(t) (cyan). Moving average
of R(t) (black). (Right) S&P500 CPI-adjusted returns (cyan). Moving average of S&P500
CPI-adjusted net earnings growth (black).
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Figure 2: (Left) Cyan S&P50 CPI-adjusted net income growth, R(t). (Left) Black Moving
average of R(t). (Right) Cyan S&P50 CPI-adjusted returns. (Right) Black Moving average
of S&P50 CPI-adjusted net earnings growth.
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2 A stochastic model and its analysis
In this section, we propose a continuous-time stochastic model of a pension saving portfolio
that is invested in the economy, which is represented by the S&P500 index. We formulate
probabilistic questions about the portfolio’s robustness and soundness. These questions
are reformulated in terms of an initial and boundary value problems for the Fokker-Planck
equation for the joint probability density function of the pension portfolio and the salary
growth and are answered by solving the equation numerically.
The current value of the portfolio is modeled after the S&P500 index, which purports
to represent the pensioners’ asserts. The continuous contribution to the fund from the
insured’s salary is also modeled as a stochastic process. The two models are combined into
a two-dimensional model for the growth of the pension fund, which depends on the initial
salary of the pensioner. We are interested in the probabilities of the benefits payable
to the individual. The results of the two-dimensional model are summarized in tables in
terms of the model’s dimensionless parameters and in three-dimensional plots of numerical
results.
In addition, we define a stochastic consumption process that describes the individual’s
rate of resource consumption. We assume a constant dollar amount rate of a pensioner’s
annual expense and calculate the survival probability of the pension consumption process,
that is, the probability that there will still be pension money left after a given number
of retirement years. We also calculate the mean first passage time (MFPT) of the con-
sumption process to 0, which is the expected time for the pension money to run out.
Finally, we assume that the pensioner’s life span is randomly distributed, according to a
certain density function, and calculate the probability that the pension plan survives the
pensioner, that is, the probability that the pensioner will die before consuming all his/her
pension money.
2.1 The diffusion model
A common practice in modeling asset prices is to express factors, such as the Efficient
Market Hypothesis and randomness, in terms of Markov processes, such as diffusion and
jump diffusion processes [27]. Accordingly, we model the salaries and the market’s fluctu-
ations as diffusion processes and corroborate their drift and diffusion coefficients against
historical data. We use historical price data for the stock market index growth model and
historical annual wage data for the salaries model. We use continuous-time approxima-
tions to the discrete-time processes.
A vector-valued diffusion process x(t) is a continuous-time Markov process with almost
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surely continuous trajectories that satisfies the following conditions [32],
lim
∆t→0
1
∆t
E {x (t+ ∆t)− x(t) | x(t) = x} = a(x, t)
lim
∆t→0
1
∆t
E
{
[x (t+ ∆t)− x(t)] [x (t+ ∆t)− x(t)]T | x(t) = x
}
= σ(x, t) (1)
lim
∆t→0
1
∆t
E
{|x (t+ ∆t)− x(t)|2+δ | x(t) = x} = 0, for some δ > 0.
We consider diffusion models that are solutions of Itoˆ stochastic differential equations
(SDE) of the form
dx(t) = a(x(t), t) dt+B(x(t), t) dw(t), (2)
wherew(t) is a vector standard mathematical Brownian motions (MBM) [32] andB(x(t), t)
is a matrix such that
σ(x, t) =
1
2
B(x(t), t)BT (x(t), t).
In long-time numerical simulations of (2), we approximate the continuous trajectories
by solutions of the discrete Euler approximation scheme for (2) with drift coefficient
vector a(x, t) and diffusion matrix B(x, t), which are estimated from historical empirical
trajectories.
2.1.1 Model simplifications
As mentioned above, the drift a(x, t) and diffusion matrix B(x, t) are obtained from
sample averaging of historical data in (1) and fitting interpolated functions. Instead of
approximating the Itoˆ coefficients by interpolation, we could have assumed that these
coefficients are also random in the sense that they depend on the particular trajectory of
the driving MBM a(x, t) or are governed by stochastic equations of their own.
2.1.2 Summary of the exponential Brownian motion
The scalar exponential Brownian motion x(t) is a modification of the geometric Brownian
motion, defined by the linear Itoˆ equation
dx(t) = a(t)x(t) dt+ b(t)x(t) dw(t), x(0) = x0, (3)
where a(t) and b(t) are given continuous function and w(t) is MBM. The solution is found
in a straightforward manner to be given by
x(t) = x0 exp

t∫
0
[
a(s)− 1
2
b2(s)
]
ds+
t∫
0
b(s) dw(s)
 . (4)
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Its moments mk(t) = Exk(t) for all k > 0 are given by
mk(t) = x
k
0 exp
k
t∫
0
a(s) ds+
(
k2 − k
2
) t∫
0
b2(s) ds
 . (5)
Thus
Ex(t) =x0 exp

t∫
0
a(s) ds

Var [x(t)] =x20 exp
2
t∫
0
a(s) ds

exp

t∫
0
b2(s) ds
− 1
 . (6)
Alternatively, the moments of x(t) can be calculated by observing that x(t) has the
lognormal distribution x(t) ∼ LN (µ, σ2) , where
µ = log(x0) +
t∫
0
[
a(s)− 1
2
b2(s)
]
ds, σ2 =
t∫
0
b2(s) ds.
Therefore the moments are
E [x(t)] = eµ+
1
2
σ2
= x0 exp

t∫
0
[
a(s)− 1
2
b2(s)
]
ds+
1
2
t∫
0
b2(s) ds
 = x0 exp

t∫
0
a(s) ds

Var[x(t)] =
(
eσ
2 − 1
)
e2µ+σ
2
= x20 exp
2
t∫
0
a(s) ds

exp

t∫
0
b2(s) ds
− 1
 . (7)
The solution of the inhomogeneous linear SDE
dX(t) = [a1(t)X(t) + a2(t)] dt+ [b1(t)X(t) + b2(t)] dW (t), X(t0) = X0 (8)
is given by
X(t) = H(t)
1 + t∫
t0
(
a2(s)− b1(s)b2(s)
H(s)
)
ds+
t∫
t0
b2(s)
H(s)
dW (s)
 . (9)
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where H(t) is the solution (4) of the homogeneous SDE
dH(t) = a1(t)H(t) dt+ b1(t)H(t)dW (t), H(t0) = X0, (10)
given by
H(t) = X0 exp

t∫
t0
[
a1(s)− 1
2
b21(s)
]
ds+
t∫
t0
b1(s)dW (s)
 . (11)
2.2 Stochastic model for long-term stock returns
The S&P500 index returns process has only one trajectory, so in order to construct its
long-term diffusion model, we represent the index as a weighted average of the underlying
individual stock returns. Thus, we begin with modeling the dynamics and fluctuations
of the consumer-price-index-adjusted (CPI-adjusted) returns of the S&P500 constituent
stocks. Because stock returns xi(t) are dimensionless, that is, measured in percents, we
posit that although statistically independent, they are statistically identical. That is, all
S&P500 stock returns xi(t) are the outputs of a single SDE
dx(t) = a(x(t), t) dt+ b(x(t), t) dw(t), x(t0) = 1.
Equivalently, xi(t) can be considered outputs of the identical and independent SDEs
dxi(t) = a(xi(t), t) dt+ b(xi(t), t) dwi(t), xi(t0) = 1 for i = 1, 2, . . . , (12)
where wi(t) are independent MBMs.
2.2.1 Discrete approximation scheme for the drift and diffusion coefficients
We denote by S(τ, x) the set of all stock returns in the composition of S&P500 at the end
of month τ , whose price had multiplied x times relative to their index inclusion price. If a
stock was included in S&P500 prior to τ more than once, the last inclusion date is taken.
The trajectory of the stock return process attributable to the j-th stock is denoted by
xj(t). The continuous trajectories of (12), discounted by the CPI index, are considered to
be approximations to the discrete monthly CPI-adjusted return vectors. Thus the drift
and diffusion coefficients (1) of the stock returns are approximated with
a(x, τ) =
1
|S(τ, x)|
∑
s∈S(τ,x)
[xs(τ + 1)− xs(τ)]
(13)
b2(x, τ) =
1
|S(τ, x)|
∑
s∈S(τ,x)
[xs(τ + 1)− xs(τ)]2 .
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2.2.2 Drift and diffusion surface interpolation
The source of historical S&P500 data is the CSRP/COMPUSTATr merged database
for historical monthly stock prices and historical S&P500 compositions. We use the US
Bureau of Labor Statistics for the historical Consumer Price Index (CPI) values. We
compute (13) for τ between January 1970 and December 2011, to obtain the drifts and
volatility surfaces
Ga = {(x, t, a(x, t))} , Gb =
{(
x, t, b2(x, t)
)}
.
These surfaces are interpolated by projecting them onto the t-axis, to obtain
Ga[t] = {(x, a(x, t))} , for 1970 ≤ t ≤ 2011,
Gb[t] =
{
(x, b2(x, t))
}
, for 1970 ≤ t ≤ 2011.
For each t the planar curves Ga[t], and Gb[t] are interpolated with a linear function G˜a[t]
and a quadratic polynomial G˜b[t], respectively. The reassembled planar interpolators form
the interpolated surfaces
G˜a =
{(
x, t, G˜a[t](x)
)
∈ R3
∣∣∣ 1970 ≤ t ≤ 2011} ,
G˜b =
{(
x, t, G˜b[t](x)
)
∈ R3
∣∣∣ 1970 ≤ t ≤ 2011} .
2.2.3 Numerical results
Constructing the interpolators G˜a[t], G˜b[t] in the form
a(x, t) = G˜a[t](x) = q(t)x+ q2(t)
b2(x, t) = G˜b[t](x) = r(t)x
2 + r2(t)x+ r3(t), (14)
we determine q(t), q2(t), r(t), r2(t), r3(t) ∈ R by minimizing the residuals in the least
square sense∑
x
[
G˜a[t]−Ga[t]
]2
,
∑
x
[
G˜b[t]−Gb[t]
]2
, for every 1970 ≤ t ≤ 2011.
The interpolating functions, G˜a[t], G˜b[t], plotted against the projections Ga[t], Gb[t],
are given in [1].
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2.2.4 The fit parameters
In figure 3, the coefficient q(t) is plotted for 1970 ≤ t ≤ 2011. For simplicity (see 2.1.1), we
approximate the function q(t) with its moving average, that is, at every point the function
equals the average of its values at the N preceding points. The resulting approximation
is the constant
q(t) = 0.002742.
The function q2(t) is plotted for 1970 ≤ t ≤ 2011 and its moving average results in the
constant value
q2(t) ≡ 0.
In figure 4, the coefficient r(t) is plotted for 1970 ≤ t ≤ 2011 and its moving average is
the constant value
r(t) = 0.01.
The function r2(t) is plotted for 1970 ≤ t ≤ 2011 and its moving average is the constant
value
r2(t) = 0.
The function r3(t) is plotted for 1970 ≤ t ≤ 2011 and its moving average is the constant
value
r3(t) ≡ 0.
Substituting q, q2, r, r2, r3 into (12), we get
dxi(t) = qxi(t) dt+ rxi(t)dwi(t), xi(ti0) = x0. (15)
2.2.5 Change of time scale
The time units of the stochastic process xi(t) are months. We change to time scale of
years, so we can match the time scale of the annual income data.
13
−0.4
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
0.4
−0.4
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
Figure 3: (Left) The slopes q(t) between 1970 and 2011 (cyan). The moving average of the
slopes q(t) with a 5% window (black). (Right) The constant terms q2(t) between 1970 and
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Figure 4: (Left) The leading quadratic coefficient r(t) between 1970 and 2011 (cyan). The
moving average of r(t) with a 5% window (black). (Middle) The coefficient r2(t) between 1970
and 2011 (cyan). The moving average of the constant terms r2(t) with a 5% window (black).
(Right) The coefficient r3(t) between 1970 and 2011 (cyan). The moving average of r3(t) with
a 5% window (black).
For any positive constant c the process transformation
w2(t) = cw(t/c
2) (16)
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is also a MBM [32]. Using (4), the solution of (15) is given by
xi(t) = xo exp
{(
q − 1
2
r2
)
t+ rwi(t)
}
, (17)
so together with (16) and the value c = 1/
√
12, we get xi(t) for t measured in years as
xi(t) = x0 exp
{
12
(
q − 1
2
r2
)
t+
√
12 rwi(t)
}
(18)
and it satisfies the stochastic equation
dxi(t) = ψxi(t) dt+ φxi(t) dwi(t)
xi(ti0) = x0, (19)
with the constants
ψ = 12q = 0.0329 , φ =
√
12r = 0.3464.
2.3 Stochastic model of the stock market returns index
We next seek to identify the stochastic dynamics of the stock market returns index. The
returns index is determined by the weighted average of its constituents returns. We show
below that for a large number of summands, the behavior of a weighted average, under
certain assumptions, coincides with the arithmetical mean.
2.3.1 A weak law of large numbers for weighted averages
We consider a sequence of i.i.d. random variables xi with finite first moment µ and
variance σ2. For an increasing double sequence of weights λi,n , i = 1, 2, . . . , n and
n = 1, 2 . . . such that
∑n
i=1 λi,n = 1 and
∑n
i=1 λ
2
i,n = O(n
−1). The first two moments of
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the weighted average Xn(t) =
∑n
i=1 λi,nxi are given by
E [Xn] =
n∑
i=1
λi,nExi = µ,
Var [Xn] = E
( n∑
i=1
λi,nxi
)2− µ2 =
=
∑
i 6=j
λi,nλj,nE[xi]E[xj] +
n∑
i=1
λ2i,nE[x2i ]− µ2
= µ2
∑
i 6=j
λi,nλj,n +
(
σ2 + µ2
)( n∑
i=1
λ2i,n
)
− µ2
= µ2
(
n∑
i=1
λi,n
)2
+ σ2
(
n∑
i=1
λ2i,n
)
− µ2
= σ2
n∑
i=1
λ2i,n = σ
2O(n−1).
Tchebychev’s inequality gives
Pr {|Xn − µ| > } ≤ Var [Xn]
2
=
σ2O(n−1)
2
= σ2O(n−1),
hence, for every  > 0
lim
n→∞
Pr {|Xn − µ| > } = lim
n→∞
σ2O(n−1) = 0.
It follows that
lim
n→∞
Pr
{∣∣∣∣∣
n∑
i=1
λi,nxi − 1
n
n∑
i=1
xi
∣∣∣∣∣ > 
}
= 0. (20)
2.3.2 Index model with equal weights
The S&P500 end-of-year weights from 2001 to 2011 are well approximated with λi,n =
iα/
∑n
i=1 i
α, for α = 18 (see [1]).
Such weights satisfy the weak law of large numbers for a weighted average. Indeed,
λi,n =
iα∑n
i=1 i
α
=
1
n
(
i
n
)α∑n
i=1
(
i
n
)α 1
n
≈
1
n
(
i
n
)α∫ 1
0
xαdx
=
(α + 1)
n
(
i
n
)α
and
n∑
i=1
λ2i,n ≈
(α + 1)2
n
n∑
i=1
(
i
n
)2α
1
n
≈ (α + 1)
2
n
∫ 1
0
x2αdx = n−1
(α + 1)2
2α + 1
= O(n−1).
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Therefore, by (20), we assume henceforth an equal-weights index
Xn(t) =
1
n
n∑
i=1
xi(t). (21)
The drift of the sum of lognormal stochastic processes is linear and therefore equal
to the average of the underlying drifts. However, the diffusion coefficient is obtained by
assembling n independent MBMs motions into one. Therefore, the SDE of Xn(t), is given
by
dXn(t) =d
(
1
n
n∑
i=1
xi(t)
)
= ψ(t)
1
n
n∑
i=1
xi(t) dt+ φ(t)
1
n
n∑
i=1
xi(t) dwi(t)
=ψ(t)Xn(t) dt+
1
n
φ(t)
√√√√ n∑
i=1
x2i (t)
 dW (t). (22)
Much research has been done on the subject of identifying the distribution of the av-
erage of lognormal random variables (rvs). Large Deviation Theory and Central Limit
Theorem methods tend to fail, because a moment generating function does not exist for
lognormal rvs. Several numerical methods have been suggested for the approximation of
the sum of lognormal rvs. In [33], the steepest descent technique is used to numerically
evaluate the cumulative distribution function (cdf) for a sum of lognormal rvs, using the
Lambert-W function. This method works well for only a few summands with relatively
low variance. In our case, where long-term investment is considered, the variance becomes
large. In the Fenton-Wilkinson (F-W) method [34], [35] the sum is approximated with
another lognormal, whose first two moments are matched to the sum. Numerical simula-
tions show that the F-W method is a good approximation of the average process, for long
time periods.
2.3.3 Lognormal approximation of the pdf of lognormal i.i.d. random vari-
ables
We employ the F-W moment matching technique to construct a linear stochastic equation
dZn(t) = ψ(t)Zn(t) dt+ Φ(t)Zn(t) dw(t). (23)
such that
1. Zn(0) = Xn(0)
2. E [Zn(t)] = E [Xn(t)], for every t ≥ 0
3. Var [Zn(t)] = Var [Xn(t)] , for every t ≥ 0.
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The functions ψ(t) and Φ(t) are chosen so that condition (3) is satisfied. Employing the
formula (5) for lognormal moments, we obtain
Var [Zn(t)] = Z
2
n(0) exp
{
2
∫ t
0
ψ(s) ds
}(
exp
{∫ t
0
Φ2(s) ds
}
− 1
)
. (24)
Calculating the variance of Xn(t) directly, we get
Var [Xn(t)] =
1
n2
Var
[
n∑
i=1
xi(t)
]
=
1
n2
n∑
i=1
Var [xi(t)]
=
1
n
x20 exp
{
2
∫ t
0
ψ(s) ds
}(
exp
{∫ t
0
φ2(s) ds
}
− 1
)
. (25)
Equating (24) and (25), together with Zn(0) = Xn(0) = xi(0), we get
exp
{∫ t
0
Φ2(s) ds
}
=
1
n
(
exp
{∫ t
0
φ2(s) ds
}
+ n− 1
)
, (26)
hence ∫ t
0
Φ2(s) ds = log
(
exp
{∫ t
0
φ2(s) ds
}
+ n− 1
)
− log n. (27)
Differentiating, we find that
Φ2(t) =
φ2(t) exp
{∫ t
0
φ2(s) ds
}
exp
{∫ t
0
φ2(s) ds
}
+ n− 1
. (28)
Thus the SDE (23) is given by
dZn(t) = ψ(t)Zn(t) dt+
 φ2(t) exp
{∫ t
0
φ2(s) ds
}
exp
{∫ t
0
φ2(s) ds
}
+ n− 1
Zn(t)dW (t), (29)
and its solution satisfies conditions (1)-(3). We note that Φ2(t) −→ φ2(t) as t → ∞,
meaning that the asymptotic behaviour of Zn(t) aligns with that of the underlying stocks
of Xn(t). The solution of (23) is given by
Zn(t) = x0 exp
{∫ t
0
[
ψ(s)− 1
2
Φ2(s)
]
ds+
∫ t
0
Φ(s)dW (s)
}
, (30)
and in terms of the underlying stocks,
Zn(t) =x0 exp
{∫ t
0
[
ψ(s)− φ
2(s) exp
{∫ s
0
φ2(p) dp
}
2
(
exp
{∫ s
0
φ2(p) dp
}
+ n− 1)
]
ds
+
∫ t
0
(
φ2(s) exp
{∫ s
0
φ2(p) dp
}
exp
{∫ s
0
φ2(p) dp
}
+ n− 1
) 1
2
dW (s)
 .
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Finally, we incorporate the estimated coefficients, ψ(s) = ψ, φ(t) = φ, to get
Zn(t) =x0 exp

∫ t
0
(
ψ − φ
2eφ
2s
2 (eφ2s + n− 1)
)
ds+
∫ t
0
(
φ2eφ
2s
eφ2s + n− 1
) 1
2
dW (s)

=x0 exp
ψt− 12 log (eφ2t + n− 1)+ 12 log(n) +
∫ t
0
(
φ2eφ
2s
φ2eφ2s + n− 1
) 1
2
dW (s)

=x0
(
eφ
2t + n− 1
n
)− 1
2
exp
ψt+
∫ t
0
(
φ2eφ
2s
φ2eφ2s + n− 1
) 1
2
dW (s)
 . (31)
2.3.4 Euler scheme simulations of Xn(t)
The Wiener interpretation of stochastic differential equations is useful for both the con-
ceptual understanding of SDEs and for deriving differential equations that govern the
evolution of the pdf’s of their solutions [32]. Itoˆ’s definition of the stochastic integral on
the lattice tk = t0 + k∆t, with ∆t = T/N and ∆w(t) = ∆w(t + ∆t) − w(t), defines the
solution of the SDE (3), or equivalently, of the Itoˆ integral equation
x(t) = x0 +
t∫
0
a(x(s), s) ds+
t∫
0
b(x(s), s) dw(s), (32)
as the limit of the solution of the Euler scheme
xN(t+ ∆t) = xN(t) + a(xN(t), t)∆t+ b(xN(t), t)∆w(t), xN(0) = x0 (33)
as ∆t → 0. The increments ∆w(t) are independent random variables that can be con-
structed by Levy’s method [32], as ∆w(t) = n(t)
√
∆t, where the random variables n(t),
for each t on the numerical mesh, are independent standard Gaussian rvs N (0, 1). accord-
ing to the recursive scheme (33). At any time t on the numerical mesh, the process xN(t)
depends on the sampled trajectory w(s) for s ≤ t, so it is Ft-adapted. The existence of
the limit x(t) = lim
N→∞
xN(t) is guaranteed by the following theorem
Theorem 1 (Skorokohd [36]) If a(x, t) and b(x, t) are uniformly Lipschitz continuous
functions in x ∈ R, t ∈ [t0, T ], then the limit x(t) Pr= lim
N→∞
xN(t) (convergence in probabil-
ity) exists and is the solution of (32).
The convergence of the pdf is guaranteed by the theorem
Theorem 2 ([32]) The pdf pN(x, t | x0) of the solution xN(t, ω) of (33) converges as
N →∞ to the solution p(x, t | x0) of the FPE
∂p(y, t | x, s
∂t
=
1
2
∂2 [b2(y, t)p(y, t | x, s)]
∂y2
− ∂ [a(y, t)p(y, t | x, s)]
∂y
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with the initial condition lim
t↓ s
p(y, t | x, s) = δ(y − x).
We construct 10,000 trajectories of Xn(t), by averaging its 500 underlying trajectories
xi(t), for 0 ≤ t ≤ 600 months. The trajectories xi(t) are constructed with the scheme
xi(t) = xi(t− 1) + φ xi(t− 1) · N (0, 1), for 1 ≤ t ≤ 600, xi(0) = 1.
The quality of the lognormal fit is shown in [1].
2.4 Stochastic model for salaries
We assume that the salary growth si(t) of member i by time t is governed by the SDE
dsi(t) = a(si, t) dt+ b(si, t) dwi(t), si(t0) = 1, (34)
where wi(t) are independent MBMs.
2.4.1 Discrete approximation scheme for the drift and diffusion coefficients
We approximate the discrete trajectories of the yearly CPI-adjusted wage vectors by the
continuous trajectories of (34). We denote by S(τ, x) the set of all individuals whose
salary at time τ had multiplied x times relative to their initial values. The trajectory of
the salary growth process, attributable to the j-th individual, is denoted by xj(t). The
coefficients of the approximating SDE (34) are defined by the empirical averages (13).
The data for the construction (13) for the wage model are taken from the Panel Study
of Income Dynamicsr database [37]. PSID is a longitudinal survey of a representative
sample of US individuals and families, which has been taken since 1968. Information on
individuals and their descendants has been collected continuously, including data cov-
ering employment, income, wealth, expenditures, health, marriage, childbearing, child
development, philanthropy, education, and numerous other topics. For pension purposes,
we are interested in the individual’s pension plan contributions. Unfortunately, the PSID
database does not offer a full, cross-year individual time series of pension contributions,
so we use the total wage earned from labor instead and assume a contributed ratio. Fur-
thermore, income attributable to bonuses, independent businesses, secondary professional
practices, comission, tips and other sources is not incorporated, due to the discontinu-
ous and sparse nature of data. The constructed trajectories span the period from 1970
through 1992. Overall, 58,807 individuals were considered, out of which only 3,669 began
working in 1970. The number of individuals starting to work each year is given in figure
5 (p.21).
All of the wage data are adjusted to the cost of living, using the Bureau of Labor
Statistics’s historical CPI values. For highly-noisy volatility estimation, 3% of the largest
volatility values were omitted as outliers and 5% of the highest salary growths were
discarded as well (25,000% growth rates etc).
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Figure 5: The number of PSID-surveyed individuals entering work force, by year.
The drift and diffusion coefficients of the wages model are calculated as in section
2.2.2. Specifically [1],
dsi(t) = ξsi(t) dt+ ηsi(t)dwi(t), si(ti0) = 1, (35)
with
ξ(t) ≡ −0.0328, η(t) ≡
√
1
6
. (36)
2.5 Construction of a stochastic model of the pension fund
In our model of the pension plan, the assets of the pension funds are invested a stock-
market index, such as S&P500. The value of the index is the market-capitalization
weighted average of its components’ stock prices.
We use the following definitions:
• vi(t) = the growth in the amount payable by the fund to member i by time t.
• Ti = {ti0 < ti1 < . . . < tin = t} = the equipartition of the interval [ti0 , t] correspond-
ing to the contributions of the i-th member to the pension fund.
• ci(t) = Λsi(t) = the total contribution (both of employer and employee) is a constant
fraction Λ of the salary (around 10%).
• αi = member’s i first salary (in US dollars).
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We incorporate the model Zn(t) of the approximated portfolio returns to the derivation
of the equation for vi(t) by making the following observation. For every 0 ≤ j ≤ n, the
contributed dollar amount at time tij is given by αici(tij), where the appreciation of this
amount is compounded from tij through tin and is given by Zn(tin)/Zn(tij). Therefore,
the portion of the pension’s total amount, attributable to j-th contribution, is given by
αici(tij)
Zn(t)
Zn(tij)
(37)
and the portion of the pension’s total growth, attributable to the j-th contribution, is
obtained from (37) by division by αi. Therefore, the total growth of the pension fund,
from time ti0 to time t, is given by
vi(t) =
∑
τ∈Ti
ci(τ)
Zn(t)
Zn(τ)
= Zn(t)
∑
τ∈Ti
ci(τ)
Zn(τ)
. (38)
The continuous model for vi(t) is obtained by representing (38) as the Riemann sum
vi(t) =
Zn(t)
∆t
n∑
j=1
ci(j∆t)
Zn(j∆t)
∆t (39)
where ∆t = (tij − tij−1) is the constant time elapsed between consecutive salaries. Based
on the PSID database, ∆t = 1 year. We write vi(t) in the integral form
vi(t) = Zn(t)
 t∫
ti0
ci(u)
Zn(u)
du
 , (40)
and the absolute amount payable to member i in dollars can now be expressed as
Vi(t) = αivi(t). (41)
We obtain the SDE for vi(t) by differentiating (40), and applying the chain rule
dvi(t) = dZn(t)
 t∫
ti0
ci(u)
Zn(u)
du
+ Zn(t)( ci(t)
Zn(t)
dt
)
. (42)
Substituting (23), ci(t) = Λsi(t), and (40) into (43), we obtain the SDE
dvi(t) = [ψ(t)vi(t) + Λsi(t)] dt+ Φ(t)vi(t) dW (t). (43)
The Fokker-Planck equation for the joint probability density function p(v, s, t) of the
solution (si(t), vi(t)) of the system (35), (43) is given by
∂p
∂t
= − ∂
∂v
[(ψv + Λs) p]− ∂
∂s
(ξsp) +
1
2
∂2
∂s2
(
η2s2p
)
+
1
2
∂2
∂v2
[
Φ2(t)v2p
]
. (44)
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2.6 The probability density function of the pension fund
The probability distribution function of Vi(t) is the probability that the pension payable
to individual i at time t exceeds y dollars. To compute,
Pr (Vi(t) > y) = Pr
{
vi(t) >
y
αti0
}
= 1− Pr
{
vi(t) ≤ y
αti0
}
, (45)
we compute the joint transition probability density function p(v, s, t | v0, s0, ti0) of the
process vi(t) and si(t) from the FPE (44) with the initial condition
p(v, s, ti0 | v0, s0, ti0) = δ(v − v0, s− s0), (46)
where v0 = s0 = 1.
2.6.1 Boundary conditions
The stochastic process si(t) is always positive, because it is an exponential of a Gaussian
process. Furthermore, the stochastic process vi(t) is always positive, because it is a sum
of a product of a lognormal and a ratio of two lognormal processes. Therefore the joint
density cannot contain any mass on the boundary and thus
p(v, 0, t) = p(0, s, t) = 0. (47)
Because the boundaries v = 0 and s = 0 are unattainable by the stochastic processes, the
conditions (47) are set numerically.
The distant boundaries of the grid describe the possibility of the market/salaries to
get within given time to unheard of levels. Because there is no data at such levels, a zero
condition for the FPE at distant boundaries v = Nv, s = Ns, so that the grid covers the
rectangle G = {0 < v < Nv, 0 < s < Ns}. The boundary ∂G is a part of the model and
concurs with the data. Consequently, we set
p(v, s, t)
∣∣∣∣
∂G
= 0. (48)
2.6.2 The initial condition
We approximate δ(v − v0, s− s0) numerically by a multivariate normal distribution with
a small standard deviation and set p0j,l to be the multivariate Gaussian with covariance
matrix
Σ =
(
σ2v 0
0 σ2s
)
,
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∆h ∆m Nv Ns N
′
v N
′
s Nv∆h Ns∆m (51)
0.025 0.2 720 25 1440 50 18 5 1.0805 · 10−172
Table 2: Grid size, domain size, and error.
where σv, σs  1 , and mean µ = (v0, s0)T = (1, 1)T . For every v = (v, s)T ∈ R2
p0j,l =
1
2pi
√
det(Σ)
exp
{
−1
2
(v − µ)TΣ−1(v − µ)
}
=
=
1
2piσvσs
exp
{
−(v − 1)
2
2σ2v
− (s− 1)
2
2σ2s
}
. (49)
We discretize R3 on a (t, v, s) grid with steps (∆k,∆h,∆m) and abbreviate
p(vj, sl, tn) = p
n
j,l, for j, l, n ≥ 0, (50)
where vj = j∆h , sl = l∆m and tn = n∆k. The initial density is normalized by pˆ
0
j,l =
p0j,l/
∫
R2 p
0
j,l to insure the normalization
∫∞
−∞
∫∞
−∞ p(v, s, 0) ds dv = 1.
The location of the zero conditions has negligible effect on the solution in the domain
where it does not vanish. Extending the grid boundaries from (Nv, Ns) to (N
′
v, N
′
s) with
N ′v > Nv, N
′
s > Ns introduces a change in the linear equations of the finite difference
scheme that corresponds to the boundaries. Under an implicit method scheme (see below),
the error infiltrates the interior of the domain by a coefficient that depend on ∆m2, ∆h2
and ∆k. Therefore, if we show that
N ′v∫
0
N ′s∫
0
p0j,ldsdv −
Nv∫
0
Ns∫
0
p0j,ldsdv (51)
is negligible, then by the above argument, we conclude that the change in the solution
is negligible. There are several numerical methods for approximating the normal CDF
[40], [41], [42]. We compute (51) numerically for grids 18 × 5 extended to 36 × 10. The
numerical analysis of the computation is given in Appendix 1 below. The numerical
precision is summarized in table 2.
2.6.3 Results
A numerical solution to the initial and boundary value problem for the FPE is constructed
by the finite difference method (FDM). We use the stable implicit BTCS (First Order
Backward Time Central Space) [38] method to approximate p(v, s, t) in G for t > t0.
The probability that the pension fund will be of size y equals the probability that the
fund’s growth will equal the proportion of y and the initial salary α. This ratio is the
dimensionless parameter of the problem. In the table below, we show probabilities for
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Target Pension Size
Initial Salary
Saving Period Implied Annual Return Probability
3.11 25 Years 1.64% 65.40%
3.33 25 Years 2.15% 54.40%
3.55 25 Years 2.61% 45.17%
4.00 25 Years 3.60% 28.27%
4.44 25 Years 4.17% 16.16%
5.00 25 Years 4.98% 7.37%
5.83 25 Years 6.02% 1.72%
6.67 25 Years 6.90% 0.34%
Table 3: Pension size probabilities for 25 years of savings.
different ratios with the assumption of a 10% salary contribution. We say that a target
pension y , with initial salary α and t years of savings, has an implied annual return r, if∑t
i=1 α (1 + r)
i = y.
The three-dimensional graphs of the joint density function p(v, s, t) are given in figure
6 for t = 25 and in figure 8 for t = 50 (pp.26).
2.7 Stochastic model for pension consumption
We consider the pension consumption process, V˜i(t), which is the remaining dollar amount
individual i has after being retired for t−t0 years, where t0 is the time of retirement and βi
is a constant annual dollar consumption rate. Assume Ti = {ti0 < ti1 < . . . < tin = t} are
the equispaced years that member i has been retired. The initial condition for Vi(t) is given
by V˜i(t0) = Vr, where V0 is the pension accumulated during the working life of individual
i. Upon retirement the salary stops. We incorporate the model of the approximated
portfolio returns to derive the equation for V˜i(t) by shifting the initial condition of Zn,
thereby obtaining a new process Z˜n(t),
dZ˜n(t) = ψ(t)Z˜n(t) dt+ Φ(t)Z˜n(t) dW (t), for t > ti0 , Z˜n(ti0) = Zr (52)
and making the following observation; for every 0 < j ≤ n, the value of V˜i(tij) grew by
Z˜n(tij)/Z˜n(tij−1), relative to the previous year V˜i(tij−1), while βi dollars were consumed.
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Target Pension Size
Initial Salary
Saving Period Implied Annual Return Probability
5.00 40 Years 1.05% 59.38%
6.50 40 Years 2.23% 54.51%
7.00 40 Years 2.55% 49.17%
7.50 40 Years 2.85% 41.77%
9.50 40 Years 3.83% 21.69%
11.00 40 Years 4.43% 14.86%
15.00 40 Years 5.65% 1.07%
Table 4: Pension size probabilities for 40 years of savings.
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Figure 6: The joint pdf p(v, s, t) for 25 years. The grid on the v-axis has 720 points, spaced
0.03 apart, that on the s-axis has 25 points, spaced 0.2 apart. ∆t = 0.1
Therefore, the value of V˜i(tij) is given by the recursion relation
V˜i(tij) = V˜i(tij−1)
Z˜n(tij)
Z˜n(tij−1)
− βi, for 0 < j ≤ n, V˜i(ti0) = Vr
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Figure 7: The joint pdf p(v, s, t) for 50 years. (Left) p(v, s, t) projected on the v-axis. (Right)
p(v, s, t) projected on the s-axis.
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Figure 8: The joint pdf p(v, s, t) for 25 years. (Left) p(v, s, t) projected on the v-axis. (Right)
p(v, s, t) projected on the s-axis
and in its closed form,
V˜i(t) = Vr
Z˜n(t)
Zr
− β
n∑
j=1
Z˜n(t)
Z˜n(tij)
= Z˜n(t)
(
Vr
Zr
− β
n∑
j=1
1
Z˜n(tij)
)
. (53)
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Figure 9: The joint pdf p(v, s, t) for 50 years. The grid on v-axis has 720 points, spaced 0.03
apart, that on the s-axis has 25 points, spaced 0.2 apart. ∆t = 0.1
The continuous model for V˜i(t) is obtained by representing (53) as the Riemann sum
V˜i(t) = Z˜n(t)
(
Vr
Zr
− βi
∆t
n∑
j=1
∆t
Z˜n(ti0 + j∆t)
)
, (54)
where ∆t = (tij− tij−1) = 1 is the constant time elapsed between consecutive time periods
(time is measured in years). The process V˜i(t) is approximated by the integral
V˜i(t) = Z˜n(t)
Vr
Zr
− βi
t∫
ti0
du
Z˜n(u)
 . (55)
We differentiate (55) to obtain the SDE
dV˜i(t) =dZ˜n(t)
Vr
Zr
− βi
t∫
ti0
du
Z˜n(u)
+ Z˜n(t) d
Vr
Zr
− βi
t∫
ti0
du
Z˜n(u)

=dZ˜n(t)
Vr
Zr
− βi
t∫
ti0
du
Z˜n(u)
+ Z˜n(t)(−βi dt
Zn(t)
)
. (56)
Now, using (52) and (55) in (56), we obtain the nonhomogeneous linear SDE
dV˜i(t) =
[
ψ(t)V˜i(t)− βi
]
dt+ Φ(t)V˜i(t) dW (t), V˜i(ti0) = Vr. (57)
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The solution of (57) is given by (9), which reduces to
V˜i(t) = H(t)
1− βi t∫
ti0
ds
H(s)
 , for t > ti0 , V˜i(ti0) = Vr, (58)
where
H(t) = Vr exp

t∫
ti0
[
ψ(s)− 1
2
Φ2(s)
]
ds+
t∫
ti0
Φ(s)dW (s)
 .
We conclude from (58) that V˜i(t) = 0 for t > ti0 , so that
t∫
ti0
ds
H(s)
=
1
βi
.
The Fokker-Planck equation for the pdf of the solution of (57) is given by
∂p˜
∂t
= − ∂
∂v˜
[(ψv˜ − βi) p˜] + 1
2
Φ2(t)
∂2
∂v˜2
(
v˜2p˜
)
(59)
for t > ti0 , v˜ > 0, where p˜ = p˜(v˜, t | Vr, ti0) is the transition probability density function
of V˜i(t) with the initial condition
lim
t→ti0
p˜ (v˜, t | Vr, ti0) = δ (v˜ − Vr) . (60)
2.7.1 Survival probability of the consumption process
The consumption process V˜i(t) ends when it hits zero for the first time
τ = inf
{
t > t0 | V˜i(t) = 0
}
and its survival probability is defined as
S(t | Vr, t0) = Pr (τ > t | Vr, t0) =
∞∫
G\∂G
p˜ (v˜, t | Vr, t0) dv˜, (61)
where the pdf of V˜ (t) is the solution for the FPE (59) for v˜ > 0 with the initial condition
and boundary conditions
p˜(v˜, t0 | Vr, t0) = δ(v˜ − Vr), p˜(0, t | Vr, t0) for t > t0.
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Initial Pension Retirement IRR Survival
Yearly Consumption Period Probability
7.5 Years 8 Years 1.45% 48.73%
9 Years 3.81% 29.04%
10 Years 5.6% 20.46%
11 Years 6.99% 14.74%
10 Years 10 Years 0.00% 79.78%
11 Years 1.62% 54.01%
12 Years 2.92% 31.12%
13 Years 3.97% 20.6%
14 Years 4.84% 14.75%
15 Years 5.55% 10.79%
12 Years 13 Years 1.16% 70.79%
14 Years 2.12% 48.21%
15 Years 2.92% 29.22%
16 Years 3.60% 18.53%
17 Years 4.17% 12.7%
18 Years 4.66% 9.11%
Table 5: Survival probabilities for consumption periods of 7.5, 10, and 12 years of uninvested
pension.
Changing variables in (59) to v˜ = Vrx, we obtain
∂q
∂t
= − ∂
∂x
[(
ψx− βi
Vr
)
q
]
+
1
2
Φ2(t)
∂2
∂x2
(
x2q
)
(62)
for t > ti0 , x > 0, where q(x, t) is the pdf of V˜i(t)/Vr, with the initial condition and
boundary conditions
q˜ (x, ti0 | x0, ti0) = δ (x− 1) , q˜(0, t | x0, ti0) = 0.
The Internal Rate of Return (IRR) of a retirement period of n years is the return r
that satisfies
t∑
i=1
βi
(1 + r)i
= Vr.
The results are summarized in the tables below.
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Initial Pension Retirement IRR Survival
Yearly Consumption Period Probability
12.5 Years 13 Years 0.56% 82.36%
14 Years 1.54% 64.46%
15 Years 2.37% 42.61%
16 Years 3.06% 26.14%
17 Years 3.65% 16.68%
18 Years 4.15% 11.4%
19 Years 4.58% 8.12%
20 Years 4.96% 5.84%
15 Years 15 Years 0.00% 93.17%
20 Years 2.91% 28.93%
25 Years 4.38% 3.48%
30 Years 5.21% 0.43%
16.25 Years 20 Years 2.06% 60.94%
25 Years 3.63% 9.61%
30 Years 4.52% 1.08%
35 Years 5.06% 0.09%
Table 6: Survival probabilities for consumption periods of 12.5, 15, and 16.25 years of uninvested
pension.
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Pension/Consumption MFPT
7.50 Years 8.27 Years
10.00 Years 11.29 Years
12.00 Years 13.86 Years
12.50 Years 14.53 Years
15.00 Years 18.16 Years
16.25 Years 20.15 Years
Table 7: Mean first passage times for different consumption rates of uninvested pensions.
2.7.2 Mean first passage time of the consumption process
The mean first passage Time (MFPT), is given by [32]
E[τ | Vr, τ > t0] =
∞∫
t0
Pr {τ > t | Vr, t0} dt =
∞∫
t0
∞∫
0
p˜ (v˜, t | Vr, t0) dv˜ dt. (63)
The results are summarized in tables below.
2.7.3 The probability that the pension survives the pensioner
We assume that the time of death of a given pensioner is a random variable T , with pdf
fT (t). The probability that the pension survives the pensioner, or the probability that
the pensioner dies before he/she runs out of money, is given by
Pr {τ > T} =
∞∫
t0
Pr{τ > T | T = t}fT (t | t0) dt =
∞∫
t0
S(t)fT (t | t0) dt. (64)
The distribution of life expectancy is taken from US Department of Health and Human
Services (HHS), Centers for Disease Control and Prevention (CDC), and is based on US
population [46]. See figure 10, table 8 (pp.33–37).
We compute the probabilities that the pension survives the pensioner, for the retire-
ments ages 67 and 72, for different pension/consumption ratios.
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Age Probability of Number Number Person-years Total number Expec.
dying between surviving dying ages lived between of person-years of life
ages x to x+ 1 to age x between ages ages x to x+ 1 lived above at age x
x to x+ 1 age x
68-69 0.019320 78,705 1521 77,944 1,275,953 16.2
69-70 0.021108 77,184 1629 76,369 1,198,008 15.5
70-71 0.022950 75,555 1734 74,688 1,121,639 14.8
71-72 0.024904 73,821 1838 72,902 1,046,951 14.2
72-73 0.027151 71,982 1954 71,005 974,050 13.5
73-74 0.029784 70,028 2086 68,985 903,044 12.9
74-75 0.032753 67,942 2225 66,830 834,059 12.3
75-76 0.035831 65,717 2355 64,540 767,230 11.7
76-77 0.038987 63,362 2470 62,127 702,690 11.1
77-78 0.042503 60,892 2588 59,598 640,563 10.5
78-79 0.046557 58,304 2714 56,947 580,965 10.0
79-80 0.051200 55,589 2846 54,166 524,019 9.4
80-81 0.056335 52,743 2971 51,258 469,853 8.9
81-82 0.061837 49,772 3078 48,233 418,595 8.4
82-83 0.067856 46,694 3168 45,110 370,362 7.9
83-84 0.074504 43,526 3243 41,904 325,252 7.5
84-85 0.081975 40,283 3302 38,632 283,348 7.0
85-86 0.089682 36,981 3317 35,322 244,716 6.6
86-87 0.098031 33,664 3300 32,014 209,394 6.2
87-88 0.107059 30,364 3251 28,739 177,380 5.8
88-89 0.116804 27,113 3167 25,530 148,641 5.5
89-90 0.127300 23,946 3048 22,422 123,111 5.1
90-91 0.138581 20,898 2896 19,450 100,689 4.8
91-92 0.150676 18,002 2712 16,646 81,239 4.5
92-93 0.163611 15,289 2502 14,039 64,594 4.2
93-94 0.177408 12,788 2269 11,654 50,555 4.0
94-95 0.192080 10,519 2021 9,509 38,901 3.7
95-96 0.207636 8,499 1765 7,616 29,392 3.5
96-97 0.224075 6,734 1509 5,980 21,776 3.2
97-98 0.241387 5,225 1261 4,594 15,796 3.0
98-99 0.259552 3,964 1029 3,449 11,202 2.8
99-100 0.278539 2,935 818 2,526 7,752 2.6
100+ 1.00000 2,118 2118 5,226 5,226 2.5
Table 8: The distribution of life span in the USA, 2003 (CDC)
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Age Probability of Number Number Person-years Total number Expec.
dying between surviving dying ages lived between of person-years of life
ages x to x+ 1 to age x between ages ages x to x+ 1 lived above at age x
x to x+ 1 age x
0-1 0.006865 100,000 687 99,394 7,743,016 77.4
1-2 0.000469 99,313 47 99,290 7,643,622 77.0
2-3 0.000337 99,267 33 99,250 7,544,332 76.0
3-4 0.000254 99,233 25 99,221 7,445,082 75.0
4-5 0.000194 99,208 19 99,199 7,345,861 74.0
5-6 0.000177 99,189 18 99,180 7,246,663 73.1
6-7 0.000160 99,171 16 99,163 7,147,482 72.1
7-8 0.000147 99,156 15 99,148 7,048,319 71.1
8-9 0.000132 99,141 13 99,134 6,949,171 70.1
9-10 0.000117 99,128 12 99,122 6,850,036 69.1
10-11 0.000109 99,116 11 99,111 6,750,914 68.1
11-12 0.000118 99,105 12 99,100 6,651,803 67.1
12-13 0.000157 99,094 16 99,086 6,552,704 66.1
13-14 0.000233 99,078 23 99,067 6,453,618 65.1
14-15 0.000339 99,055 34 99,038 6,354,551 64.2
15-16 0.000460 99,022 46 98,999 6,255,513 63.2
16-17 0.000577 98,976 57 98,947 6,156,514 62.2
17-18 0.000684 98,919 68 98,885 6,057,566 61.2
18-19 0.000769 98,851 76 98,813 5,958,681 60.3
19-20 0.000832 98,775 82 98,734 5,859,868 59.3
20-21 0.000894 98,693 88 98,649 5,761,134 58.4
21-22 0.000954 98,605 94 98,558 5,662,485 57.4
22-23 0.000990 98,511 98 98,462 5,563,928 56.5
23-24 0.000997 98,413 98 98,364 5,465,466 55.5
24-25 0.000982 98,315 97 98,267 5,367,101 54.6
25-26 0.000960 98,219 94 98,171 5,268,835 53.6
26-27 0.000942 98,124 92 98,078 5,170,663 52.7
27-28 0.000936 98,032 92 97,986 5,072,585 51.7
28-29 0.000947 97,940 93 97,894 4,974,599 50.8
29-30 0.000974 97,847 95 97,800 4,876,705 49.8
30-31 0.001008 97,752 98 97,703 4,778,906 48.9
34
Age Probability of Number Number Person-years Total number Expec.
dying between surviving dying ages lived between of person-years of life
ages to x+ 1 to age x between ages ages x to x+ 1 lived above at age x
x to x+ 1 age x
31-32 0.001046 97,654 102 97,603 4,681,203 47.9
32-33 0.001097 97,551 107 97,498 4,583,600 47.0
33-34 0.001162 97,444 113 97,388 4,486,102 46.0
34-35 0.001244 97,331 121 97,271 4,388,715 45.1
35-36 0.001336 97,210 130 97,145 4,291,444 44.1
36-37 0.001441 97,080 140 97,010 4,194,299 43.2
37-38 0.001567 96,940 152 96,864 4,097,289 42.3
38-39 0.001714 96,788 166 96,705 4,000,424 41.3
39-40 0.001874 96,623 181 96,532 3,903,719 40.4
40-41 0.002038 96,442 197 96,343 3,807,187 39.5
41-42 0.002207 96,245 212 96,139 3,710,844 38.6
42-43 0.002389 96,033 229 95,918 3,614,705 37.6
43-44 0.002593 95,803 248 95,679 3,518,787 36.7
44-45 0.002819 95,555 269 95,420 3,423,108 35.8
45-46 0.003064 95,285 292 95,139 3,327,688 34.9
46-47 0.003322 94,993 316 94,836 3,232,548 34.0
47-48 0.003589 94,678 340 94,508 3,137,713 33.1
48-49 0.003863 94,338 364 94,156 3,043,205 32.3
49-50 0.004148 93,974 390 93,779 2,949,049 31.4
50-51 0.004458 93,584 417 93,375 2,855,270 30.5
51-52 0.004800 93,167 447 92,943 2,761,895 29.6
52-53 0.005165 92,719 479 92,480 2,668,952 28.8
53-54 0.005554 92,241 512 91,984 2,576,472 27.9
54-55 0.005971 91,728 548 91,454 2,484,487 27.1
55-56 0.006423 91,181 586 90,888 2,393,033 26.2
56-57 0.006925 90,595 627 90,281 2,302,145 25.4
57-58 0.007496 89,968 674 89,630 2,211,864 24.6
58-59 0.008160 89,293 729 88,929 2,122,234 23.8
59-60 0.008927 88,565 791 88,169 2,033,305 23.0
60-61 0.009827 87,774 863 87,343 1,945,136 22.2
61-62 0.010831 86,911 941 86,441 1,857,793 21.4
62-63 0.011872 85,970 1021 85,460 1,771,352 20.6
63-64 0.012891 84,949 1095 84,402 1,685,892 19.8
64-65 0.013908 83,854 1166 83,271 1,601,490 19.1
65-66 0.015003 82,688 1241 82,068 1,518,219 18.4
66-67 0.016267 81,448 1325 80,785 1,436,151 17.6
67-68 0.017699 80,123 1418 79,414 1,355,366 16.9
35
Initial Pension Chance to Die
Yearly Consumption Before Pension is Consumed
7.5 Years 19.18%
10 Years 28.65%
12 Years 54.70%
12.5 Years 60.29%
15 Years 67.43%
16.25 Years 72.62%
Table 9: Pensions surviving 67 years old pensioners
Initial Pension Chance to Die
Yearly Consumption Before Pension is Consumed
7.5 Years 28.18%
10 Years 40.93%
12 Years 60.70%
12.5 Years 65.39%
15 Years 78.13%
16.25 Years 87.78%
Table 10: Pensions surviving 72 years old pensioners
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Figure 10: The pdf of the age of death, US 2003
3 Summary and conclusions
We developed here a stochastic model of the random environment of a pension plan that
is invested in the stock market. The model is based on historical stock market data.
Data analysis confirms the EMH which implies that there is no benefit in the pension
fund setting up a super fund that owns ”good” companies lock stock and barrel. We
find that CPI-adjusted salaries decrease over time, while CPI-adjusted market returns
drift upwards. Assuming that past market dynamics persists in the future, our model
estimates that the pensioner is likely to accumulate 7.5 times his initial annual salary
over 40 years of pension savings. Assuming 10% salary contribution, this means that the
pension portfolio CPI-adjusted average annual return is 2.85%. We find that there is only
19.18% chance for this pension to be sufficient, assuming retirement age at 67. In other
words, a salaried employee, who worked his entire life without receiving any substantial
promotions, bonuses or extra incomes, has about 80% chance to live his last 10-15 years
in poverty. Raising the retirement age to 72 is expected to bring these chances down to
about 70%. These results shed further light on the imminence and significance of the
pension poverty problem.
It is not clear from the model and its analysis what is an investment strategy that the
tax payer can adopt to insure pensions. Clearly, owning companies on a national scale
might form a centrally planned economy, in which the government owns a portion of the
means of production. This could lead to economic inefficiencies observed in socialized
economies in the past. Investing pension funds in the economy can be bolstered by the
tax payer by expanding it through investments in infrastructure such as large scale public
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utilities, mainly in education and continuing education. Tax money is funnelled into the
private sector in the USA by government contracts for projects and services, but not
necessarily into direct subsidies for investors or in the form of preferential tax breaks.
The latter is a common practice in Israel, though.
To conclude, there is an imminent urge for the structuring of a long-term investment
scheme that secures the pensioner welfare, yet it is a complicated, large-scale problem.
Based on numerical results, a symptomatic treatment of the pension problem can be
achieved by raising the retirement age and increasing contributions. However, in order
to achieve a systematic solution, researchers from the entire scientific spectrum need to
contribute to the effort.
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